almost linearly with the current in the coils, (ii) in the WS the field is not linear with the excitation, (iii) the CS must be operated in DC, (iv) in principle the current in the WS may be varied during the AGS cycle.
In this note we will limit ourselves to the description of the field modeling procedure, used to optimize both design. We will describe in detail the optimization of the cold snake, the more challenging of the two, mentioning only in passing the warm snake.
Basic structure of the snake. Field integrals
The spin of a proton moving in a magnetic field precesses and emerges at the end of the magnet with a different orientation, according to the BMT equation
where G = g/2 − 1 = 1.7928 is the reduced proton gyromagnetic costant. For an helical field the precession has been described by Ptitsyn and Shatunov [2] , using a rotating coordinate frame. After traversing the snake, the rotation of the spin is proportional to the integral of the absolute value of the field along the trajectory I s = |B|dz. Integration of Eq. (1) shows that for a spin rotation of 45 deg (25% snake) the needed field integral is ∼ 4.5 T-m, then, for a magnetic structure of effective length 1.5 m, a field of 3 T (cold snake). A 1.5 T snake (warm) may only produce a 22.5 deg rotation (12.5% snake).
In a helical field the orbit of a particle is also helical. For the orbit of the central particle of a beam traversing the snake we try to satisfy the following conditions: (i) In both transverse directions (x, horizontal and y, vertical) the exit orbit must be parallel to the orbit at the entrance, (ii) the orbit displacement at both ends should be the same, and (iii) both orbit angles and displacements should be zero. The above should possibly be met with no use of devices extenal to the snake.
Conditions (i,ii,iii) translate into conditions for the integrals of the components of the field (field integrals). This is easily seen as follows: since the curvature of the trajectory of a particle of momentum p = eBρ is just
the angle and the trajectory are obtained by a first and second integration, in y (and similarly in x) y (z) = y 0 + e p I 
with the 1.st and 2.nd field integral (for y, and similarly for x with a -sign) defined as
1 (z) = 2 (z f ) = 0, it is y(z f ) = y 0 . Fig. 1 shows the structure of the idealized snake magnetic field and of the field integrals. The snakes has 3 helices. The center helix has length L 1 and twist angle of ∆θ 1 . The outer helices have length L 2 and twist angle ∆θ 2 . All twists are in the same direction, say right-handed. From the top part of the figure it is apparent that the x component of the field is an odd function of z, hence I (x) 1 is even and I (x) 1 (z f ) = 0 in every case, for a perfectly symmetric snake. However, B y is even, then I (y) 1 (z f ) = 0 in general, unless we play with the pitches and the fringe field to make it vanish. If this happens, I will be odd only if it is made to vanish.
In conclusion, only I
1 (z f ) = 0 in general, which guarantees that the vertical angle of the beam is the same at the entrance and at the exit of the snake. In particular we can make y (z) = y (0) = 0, that is convenient because the AGS has limited vertical steering capabilities. We can adjust the other three integral to vanish using three parameters: the relative lengths of the inner and outer helices, with a total length kept fixed by the space constraint, and the two twist 
. We can conveniently make this horizontal angle to vanish. Then we can make I 2 , respectively. y (odd) is balanced, but x (even) is not. It is convenient, using some horizontal steering in the AGS, to move the whole horizontal orbit sideways, to better use the space available inside the snake gap. That will appear more evident in the discussion and examples in the next sections.
The situation, for end-vanishing integrals is in Table 1 3 The Analytical Model
An analytical model of the field of an helix dipole makes use of the BlewettChasman [7] (BC) expression valid for an infinitely long structure. To second order in x and y it is
I is the current in the coils and λ the wavelength of the windings. The field of Eq.(5) satisfies Maxwell's equations to first order. For helices of finite length, modeling the end field is difficult, in particular we were not able to find a close expression for the fringe field that would satisfy Maxwell's at the same time. So we will use an expression that fits at the best the field calculated by a numerical 3D code (like Opera-3d). The fringe field has the following properties (i) its amplitude falls off with distance in a characteristic length of one magnet gap; (ii) the rotation pitch of the field, expressed by k in Eq.(6) decrease steadily from the last value reached at the end of the helix to a final value. A third problem in modeling the fringe field is that (iii) it is not immediate to define exactly when the fringe starts inside the helix. It is within a distance of the order of one gap from the physical ends of the windings and will be found by trial and error.
The three points above are very important, because, due to the near cancellation of the field integrals in a compensated snake, the role of the fringe field is essential. Approximately, many of the basic features of the snake can still be calculated using an hard edge model.
We built a snake model using the BC field and some first assumptions on the fringe fields. Then we used the code Snig [8] with this model, to track polarized particles through the field of the snake by integration of the equation for the orbit and the BMT Eq.(1) for the spin precession. In Snig the integration is performed by a Hamming Predictor Corrector 3.order algorithm with variable step size. The orbit equation is
with E the total energy of the proton, and m 0 c 2 = 0.938GeV its rest energy. The position and angle of the orbit are calculated from
Snig calculates transfer maps through the snake for the 4 × 4 transverse orbit phase space and spin. For a first order orbit transfer, a set of eight extra particles with coordinates close to a leading particles are propagated and the transverse 4x4 orbit matrix is calcolated as the Jacobian
where '0' and 'f' mean the beginning and the end of the trajectory. For higher order maps, more particles are required. A spin rotation matrix through the snake is similarly calculated, by propagating three additional protons with the same orbit phase space coordinates, but slightly different spin values. The angle of spin precession through the snake and the orientation of the axis (two angles) can be calculated from the spin matrix [9] .
Snig is also designed to track a test particle moving through a field described by a numerical map, like one generated by Opera-3d, with values of the field assigned to nodes of a 3D Cartesian mesh (x, y, z). For the integration the code performs a 3-cubic interpolation on a cube of 27 mesh points. Snig has also provision to check the obeyance of the field to the Maxwell conditions
Snig can calculate field gradients and multipoles around a trajectory, by (a) sampling the field in points slightly off the orbit by δx, δy and δz and calculate numerically field derivatives by differences in three points, or (b) sampling the field on circles of small radius perpendicular to the z axis and centered on the A starting list of parameters for the model is in Table 2 . The field is the one shown in Fig. 1 . Tracking results for orbit and spin for three proton energies in the AGS, between injection and extraction are shown in Figs. 2,3,4. The figures show the orbit and the spin evolution of the components in the snake. The spin is taken with its orientation up along y, vertical, at snake entrance. We see that (i) the orbit maximum excursion decreases with increasing energy, so, the orbit may cause problems at injection; (ii) the spin rotation decreases somewhat with increasing energy.
Numerical values for these energy values of γ = 2.5, 15 and 26 found by integration with Snig are summarized (orbits) in tables 3, 4, 5 Spin rotation angles and matrices for the same energies are in tables 6, 7, 8. 
-0.28623115E-01 -0.16502073E+00 0.62307528E+00 det = 1.00000000 
-0.14689663E-01 0.24695103E-02 0.10070850E+01 det = 1.00000000 
Fitting Field maps
The pure analytical model of the snake as described in sec. 3 gives a good feeling that a snake with the proposed structure would work. The next step was to model the snake with the 3D code Opera-3d that calculates the field produced by a set of current carrying coils. This work was carried on in parallel at the Magnet Division of Brookhaven (BNL-MD) and at the Riken Institute in Tokyo. Details are reported elsewhere [5] , [6] . In this section we will describe how the analytical model was used to optimize the snake structure, and how the results were fed back to the Magnet Division to arrive at a final design of the cold snake. A similar approach was used for the warm snake and will be described in a further note.
The process of fitting was developed in four phases, with iterations • The Magnet Division creates a numerical field map on a 3D mesh with Opera3D on the basis of a preliminary design;
• We identify the key features of the snake to be parametrized in the model;
• Run Snig using the model fitted according to the map in an optimization loop. Clearly, running Snig on the model takes only a small fraction of the time than writing the input and run Opera3D;
• Translate the computer results into useful parameters for the map makers in the Magnet Division, so they can create a new map;
• Iterate the last two steps until a satisfactory result for the basic design is reached;
• As a final touch, aim to further refinements like corrections of coupling, focusing, multipoles etc.
For the fitting of the model to the map, in addition to the three basic fitting parameters already described, namely the relative length and twist angles of the helices, we needed extra parameters for fitting curves for (i) the maximum intensity of the field along the helix, and (ii) the field fall-off at magnet ends, both in amplitude and in angle. Fitting was done with quadratic functions with three parameters each. (iii) Finally, we needed an extra parameter representing the asymptotic value of the field angle away from the magnet at both ends. Finally we had 3 basic + 10 auxiliary parameters to vary, as shown in Table 9 However, it was expected that only the 3 "basic" had to be used in the iterative process (loop), because the coefficients of the cubic fitting curve and the asymptotic angles could be determined once for all at the beginning of the exercise, since they are mostly related to the structure of the magnet end regions. All ten parameters are in the input of Snig.
The field angle or running pitch is the basic quantity to describe the snake field (the spinal cord of the model)
This angle coincides with the angle defined in Eq.(6), when evaluated on the snake axis. The field angle fall-off can be determined from the map. A φ curve derived from one of the maps provided by the Magnet Division, on axis, is shown in Fig. 5 . The figure clearly shows the higher pitch of helices 1 and 3, as compared with the pitch of helix 2 (less slope). The quadratic fitting of φ at both ends and in the transition region with its asymptotic value and between helices is in the plot. The first step of fitting was to determine a starting set of parameters for the pitch curve φ and for the field amplitude in the helices. Then, we proceeded to vary the three basic structural parameters: length ratio and twist angles, in order to obtain a compensation of the field integrals. Work charts for optimization loops are graphically shown in Fig. 6 and 7 .
It took three steps to arrive at a satisfactory solution. Based on the first analytical model of the snake a first numerical Opera3D map was created by R.Gupta et al of the Magnet Division. Fitting of this map and loop optimization with the model generated a new set of parameters. A second numerical map was created. To this improved map a solenoid was added to correct for coupling and the model was used again to optimize the new map including the solenoid. The final, optimized, fit is in Fig. 8 that shows the transverse components of the numerical field on axis compared with the model field. The boundaries of the three helices are shown, and also the pitch angle function φ.
The parameters of this optimized design of the snake are given in Table 10 . Here, ∆θ is the full rotation of the field in each helix, the full length of the device excluding the fringe extension is 2.1762 m, and the fringe is seen from the model-matched map to extend 25.4 mm inward and 12 mm outward, i.e. this is the distance of the field fall-off. The full bore of the device, to the inner surface of the coils is 100 mm. This map contains also a solenoid to compensate for coupling, that will be discussed in a later section.
The field and field integrals on axis for this optimized configuration are 
Coupling and focusing
Off axis, a substantial longitudinal field B z is present, that would show up on any orbit (Fig. 10 , for proton energy γ = 2.5), that can be compensated with a solenoid. This field is zero on axis, according to the third of Eqs.(5). The longitudinal field produces coupling between the x and y motion and is undesirable. From the transfer matrix for the snake it appeared also that the snake possesses a substantial amount of focusing in both planes. Coupling and focusing will distort the AGS lattice. To characterize transverse coupling and focusing, refer to the first order transfer map for the snake. and define the following parameters
CP ≈ 0 means no coupling and, and F C ≈ 0 means no focusing. The most direct solution to correct coupling is to add a solenoid in the middle of the snake that would cancel the longitudinal snake field component (as suggested by W.W.MacKay). Accordingly, the Magnet Division added a 1 m long solenoid to their maps. Following the procedure of model fitting and optimization described above, we searched for the optimum solenoidal field that would minimize coupling. Fig. 11 shows coupling and focusing as a function of solenoid strength. The figure shows that the best solenoidal field to minimize coupling is 0.2 T , and also that the solenoid has almost no effect on focusing, as expected. Fig. 12 shows transfer matrix elements as a function of solenoid strength. Correcting focusing in both planes is a much more difficult task than correcting coupling. It can be accomplished in principle but that may be prove impossible in practice whitout using elements external to the snake, because of lack of space to insert innside the snake additional correcting magnets. Before discussing possible strategies, we will show the result of Snig tracking on the snake up to the point of solenoid correction. The snake field is described by the Opera-3d numerical map 'v4 3-x06+sol5' prepared by the Magnet Division. Orbit matrice R proved well symplectic, as we checked by verifying how well the condition was met 
Figures and Tables for the final cold snake
Symplecticity also means that the map field obeys Maxwell Equations (10). Div and Curl conditions along a trajectory through the map are shown in Fig. 24 7 Multipoles. Attempts at correcting focusing and gradients
To investigate the content of multipoles in the snake field, we calculate the field components in 128 points along a circle centered on axis in a vertical plane, then perform an FFT analysis on the data. Results are shown in Fig. 25 . It is in particular noteworthy the twin quadrupole amplitude peak corresponding to the two ends of the solenoid.
In order to decrease snake focusing, we attempted to correct field gradients along a trajectory. A complete correction with ad hoc multipoles in the snake is probably an academic exercise, as pointed out in sec. 5, because, even if it were successful, there is no much space for current carrying coils inside the snake. However, we will point out here to a possible strategy.
To calculate the field gradients along a trajectory, we moved from the reference trajectory at a given energy by a small amount in x, y, z. These gradients are shown in Figs. 26 and 27. The figures shows symmetries due to the Div and Curl conditions of Eq.(10), a confirmation that the Opera3d numerical map field is Maxwellian.
To correct these gradients, we tried to create analytical field maps to be superimposed on the Opera-3d maps. In particular, to correct the longitudinal gradient of the longitudinal field ∂B z /∂z, we used solenoids, constructed from loops using Eq.(16) (see [10] )
Gradients are
then, after some algebra, obtain
A long solenoid has a quasi uniform B z field for its entire length and a radial field at both ends. The longitudinal gradient of this field is zero in the body of the solenoid and shows two peaks, of opposite signs at the ends. If we examine the longitudinal gradient in the snake witn the coupling solenoid described earlier, it shows at least three pairs of such gradient peaks (however, the middle ones are due to the added solenoid), and in principles they may be corrected with three solenoid. This correction is shown in Fig. 28 . The longitudinal gradients have been flattened, as show by Fig. 29 To correct the transverse coupling gradient ∂B x /∂y = ∂B y /∂x, we used quadrupole fields as in Eqs.(19). For this correction we used thick quads with a Gaussian function of z for k 1 . The solenoidal field is Maxwellian, however the quad field is not. The field of a thin quadrupole of strength k 1 and tilt θ is In the model we put quadrupoles in strategic positions, and a good flattening of the transverse gradients were achieved, as shown in Fig. 30 and 31 . Finally, putting both solenoids and quads, the correction achieved is shown in Fig. 32 .
Values of the integrated field gradients for the four cases: (1) reference snake, (2) reference plus solenoid correction, (3) ref. plus quadrupole correction, and (4) ref. plus solenoid and quad correction, are shown in Table 14 . Gradient integrated along the structure for different kind of corrections are shown in Table 15 . 
Conclusions
A coordinated team effort has brought to the design of a super conducting snake for the AGS to improve the spin polarization of the extracted proton beam. Due to the limited space available, the snake would condense many functions in a very compact size. We succeeded in a design that produce a high degree of spin rotation and acceptable orbits. Coupling, that is an intrinsic property of the structure has been reduced, however we could not find any practical solution to correct focusing and integrated multipoles with a modification of the structure of the snake. We tried to point to a solution, but at this point we are inclined to believe that will be very hard to find a solution whitout recourse to machine elements somewhere else in the AGS magnetic lattice. The snake, especially at injection energy, produces a strong deformation of the AGS optics. Following the work of E.Courant [11] , we have a solution for matching the cold snake to the AGS lattice.. Details of these latter calculations will be presented in an upcoming report.
The snake is under construction. We keep our finger crossed.
